This report continues the discussion of unitary error bases and quantum codes begun in 8]. Nice error bases are characterized in terms of the existence of certain characters in a group. A general construction for error bases which are non-abelian over the center is given. The method for obtaining codes due to Calderbank et al. 2] is generalized and expressed purely in representation theoretic terms. The signi cance of the inertia subgroup both for constructing codes and obtaining the set of transversally implementable operations is demonstrated.
Overview
This report discusses the construction of quantum codes based on nice error bases 8]. The main conclusion is that much of the relevant theory can be cast in terms of representations of nite groups. It is shown that nice error bases are equivalent to the existence of an irreducible character with non-zero values only on the center. The technique for obtaining codes based on \eigenspaces" of representations of abelian groups due to Calderbank et al. 2] is cast in terms of projection operators derived from the characters. This yields two potential generalizations of the construction to non-abelian subgroups, one exploiting the characters, the other exploiting primitive idempotents. The two constructions yield di erent sets of correctable or detectable errors. In both cases, the operators of the error basis which do not belong to the detectable set are in the inertia subgroup of a representation. The question of how to encode and decode codes using these constructions is not addressed. The inertia subgroup is also critical in constructing the syndrome space and in determining which operations can easily be implemented transversally (i.e. fault tolerantly). A simple way of exploiting classical codes over the nite eld with p d elements is given. This method uses a non-canonical error basis on d systems with p states each.
This manuscript should be viewed as a continuation of 8] . It is assumed that the reader is familiar with the terms introduced there. For the necessary background on the representation theory of nite groups, see any advanced text on group theory such as 3, 6].
Characterization of Nice Unitary Error Bases
A nice unitary error basis on a Hilbert space H of n dimensions is de ned as a set E = fE g g g2G where E g is unitary on H, G is a group of order n 2 , trE g = n g;1 and E g E h = ! g;h E g h . By renormalizing the operators of the error basis, it can be assumed that det E g = 1, in which case ! g;h is an n'th root of unity. Error bases with this property are called very nice.
Such error bases generate a nite group of unitary operators E whose center consists of scalar multiples of the identity. An error group is a nite group of unitary operators generated by a nice unitary error basis and multiples of the identity. The group H is an abstract error group if it is isomorphic to an error group. Theorem 2.1. The nite group H is an abstract error group i H has an irreducible character supported on the center and the kernel of the associated irreducible representation is trivial.
Proof. Let H be isomorphic to an error group of a nice error basis E. The isomorphism induces an irreducible representation of H. The trace condition on the error group implies that the irreducible character of the representation is non-zero only at multiples of the identity. This is the center of the error group. The kernel of the representation is trivial by construction.
Suppose that H has an irreducible character which is supported in the center Z of H. Let be the associated unitary representation with trivial kernel. Since the representation is irreducible, (Z) consists of multiples of the identity. Let G = H=Z. For each g 2 H=Z, pick a representative h(g) in H, choosing h(1) = 1. Let E g = (h(z)). Then E g E h = (c)E g h for some c 2 Z. We have (c) = ! c I. Since the character is zero except on the center, trE g / g;1 . Thus tr(E y g E h ) = (E ?1 g E h ) / g;h , so that the error operators are orthogonal in the trace inner product. Since the representation is irreducible, the E g linearly span the set of all linear operators. It follows that the order of G is the square of the dimension of the representation and therefore the E g form a nice error basis. Since (H) is generated by (Z) and the E g , H is isomorphic to an error group. To see that this works, note that
To show that the trace conditions for error groups are satis ed, write tr(h (g) g) = tr(h (g)) tr(g). For this to be non-zero requires tr(g) 6 = 0, so g is a multiple of the identity. By assumption (g) is also proportional to the identity, so the trace is non-zero i tr(h) 6 = 0, which holds i h is a multiple of the identity. Thus the character of H 1 n H 2 associated with the representation is supported on the center. The fact that it is irreducible follows by observing that the quotient over the center has su ciently many elements to linearly generate any operator on H 1 H 2 . That representatives of the quotient are linearly independent follows by orthogonality in the trace inner product.
Egner's error basis has the same quotient over the center as one con- Let E be a nice error basis on H. Suppose that E generates a nite error group E. Let D be a set of operators and C a d-dimensional subspace of H. Let C be the projection operator onto C. Then C is a D-detecting code i for every g 2 D, C g C / C : Let S be another set of operators. Then C is an S-correcting code i it is an S y S-detecting code 1 . The idea of focusing on detectability rather than In the case where E = E n 0 , an interesting problem is to nd codes which can correct all errors involving at most e of the factors of the underlying space. In that case S e is taken to consist of tensor products of error operators in E 0 with at most e of the factors not the identity. An e-error-correcting code is one which is S e -correcting. Proof. The case of g 6 2 T( ) has already been discussed. If g is in the center of the irreducible representation, then in that representation it is a multiple of the identity, which implies g / . For g 2 N, the orthogonal idempotents have the property that e i ge i / e i . This follows from the fact that in the Fourier transform of the group algebra the e i are diagonal matrices with only one non-zero entry on the diagonal. Theorem 3.4 allows constructing error-detecting and error-correcting codes from any normal subgroup of an error basis. Whether the greater generality helps with nding good codes remains to be determined.
The construction of 2] is based on using abelian normal subgroups A of E and making sure that the errors that need to be detected either are in A or satisfy an anti-commutativity relationship with an element of A. This is justi ed as follows: Let E be an error operator and assume that for some element a 2 A, aE = !Ea, with ! 6 = 1 a scalar. Then E ?1 aE = !a so that (E ?1 aE) = ! (a) 6 = (a). This implies that E 6 2 T( ), so that E is detectable. Note that for error groups which are commutative over the center, the elements of the inertia subgroup are exactly those which commute with every element of A. This simpli es the calculations substantially.
Consider the problem of nding a linear basis of the operators which are detectable by C( ). Let r be the number of distinct irreducible characters induced in N. Then the dimension of C( ) is n=r. A simple counting argument based on representing linear operators in an extension of a basis of C( ) shows that the dimension of the space of detectable operators is n 2 ?(n 2 =r 2 ?1). The number of independent elements of EnT( ) is n 2 ?n 2 =r. Let D be the set of operators which leave invariant the miminal invariant subspaces of N and are multiples of the identity on C( ). The dimension of D is n 2 =r ? n 2 =r 2 + 1, and these operators are orthogonal in the trace norm to the members of E n T( ). Furthermore, the operators of D are detectable. It follows that the detectable operators are linearly generated by D E n T( ).
Syndromes of Codes Based on Normal Subgroups
Let and N be as in the previous section. Let j i be an initial state in C( ). Let j 0 i = Aj i be the state after an interaction with the environment. For error detection it su ces to measure whether j 0 i is in C( ). If A is detectable and the outcome of the measurement is to project j 0 i into C( ), then the resulting state is j i. All we can learn from the other measurement outcomes is that an error occurred.
To correct errors requires restoring j 0 i according to a syndrome representation of the Hilbert space, H ' S C( ) + R. A suitable syndrome representation can be obtained from E=T( ) as follows: Let fI = g 0 ; g 1 ; : : : g be a set of representatives in E of E=T( ) 2 . Let S be the Hilbert space spanned by orthonormal states labeled by jg i i. Let In most cases, the set of operators S in E which is intended to be correctable is given. Suppose that S y S is detectable by C( ) and that a recovery procedure for correcting S has to be designed. This is accomplished by choosing appropriate representatives g i of the cosets of T( ). Suppose that s 1 ; s 2 Similar arguments apply to C(e 1 ), if e 1 is a primitive orthogonal idempotent of . Given the decomposition = P i e i , let e ij be the elements in the group algebra of N which satisfy e ij e k e y ij = jk e i and e ij 0 = 0 for every irreducible character 0 of N di erent from . The syndrome space is spanned by jg i ; e j1 i and we de ne (jg k ; e j1 ijl L i) = g i e j1 jl L i ; where the jl L i form an orthonormal basis of C(e 1 ). If the syndrome g i e j1 C (e 1 ) is detected, the state is restored by applying (a unitary extension of) e 1j g ?1 i to the result. In this case the correctable errors in E consist of the set S i g i N.
5 The Group of Transversally Implementable Operations Once a code on H n has been constructed by the technique described in the previous sections, the inertia subgroup can be used to nd operations which can be implemented transversally. This ensures that these operations can 
Conclusion
The construction of quantum codes based on abelian groups has been generalized to non-abelian error bases and cast in terms of the theory of group representations. The relevance of the inertia subgroups to the error-correcting properties of the codes, the recovery operation and the ability to implement operations transversally has been demonstrated. One problem not addressed here concerns the operations required to encode and decode the codes constructed in this fashion. How this can be done for E n 2 was brie y discussed in 2]. The other issue incompletely resolved by this report and its predecessor is how to perform fault tolerant recovery operations. For E n 2 a solution can be found in 4]. Finally, no interesting codes based on non-abelian error bases have been demonstrated in this work. The ultimate utility of such a general approach still remains to be determined.
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